Abstract. In this paper, we study certain Virasoro frames for lattice vertex operator algebras and their Z 2 -orbifolds using linear codes over Z 4 . We also compute the corresponding frame stabilizer from the view point of binary codes and Z 4 -codes. As an application, we determine the frame stabilizers of several Virasoro frames of the vertex operator algebra V E8 and the moonshine vertex operator algebra V ♮ .
Introduction
A framed vertex operator algebra V is a simple vertex operator algebra (VOA) which contains a Virasoro frame, a subVOA T r isomorphic to the tensor product of r-copies of the simple Virasoro VOA L( 1 / 2 , 0) such that rank V = rank T r = r/2. There are many important examples such as the moonshine VOA V ♮ and the Leech lattice VOA. In [DGH98] , a basic theory of framed VOAs was established. A general structural theory about the automorphism group and the frame stabilizer, the subgroup which stabilizes T r setwise, was also included in [DGH98, LY08] . It was shown in [DGH98] that the frame stabilizer of a framed VOA V = ⊕ i∈Z V i is always a finite group. Moreover, Miyamoto [Mi04] showed that the full automorphism group Aut (V ) of a framed VOA V is also finite if V 1 = 0. Hence, the theory of framed VOA is very useful in studying certain finite groups such as the Monster. Lattice VOAs associated to even lattices are basic examples of VOAs [Bo86, FLM88] . If an even lattice L of rank n has a 4-frame, i.e., an orthogonal basis of R ⊗ Z L of norm 4, then the lattice VOA V L has a natural Virasoro frame T 2n ( [DMZ94] ), which is fixed by the involution in Aut(V L ) lifted from the −1-isometry on L. Therefore, if L is unimodular, T 2n is also contained in the
. The main purpose of this paper is to determine the frame stabilizer in Aut(V L ) and Aut(Ṽ L ) of the Virasoro frame T 2n associated to a 4-frame of L.
Given a framed VOA V , a Virasoro frame T r determines two binary codes (C, D) of length r, called the structure codes. In [LY08] , it was shown that the structure codes C and D satisfy certain duality conditions. The pointwise frame stabilizer, the subgroup which fixes T r pointwise, was also determined.
It is known [GH03, LY08] that the frame stabilizer naturally acts on C and D while the pointwise frame stabilizer is the subgroup of the frame stabilizer acting on C and D trivially. The main problem is thus to determine the quotient of the frame stabilizer by the pointwise frame stabilizer, which is isomorphic to a subgroup of Aut(C) ∩ Aut(D) ( [DGH98, LY08] ).
In [GH03] , the Virasoro frames for the lattice VOA V E 8 were studied. It was shown that there are exactly 5 Virasoro frames for V E 8 up to conjugation. The corresponding frame stabilizers were also computed. It was shown that for any Virasoro frame, the quotient of the frame stabilizer by the pointwise frame stabilizer is equal to the automorphism group of the structure codes. Their method for twisted caseṼ E 8 ( ∼ = V E 8 ) associated to the fourth Z 4 -code, however, used some special properties of the Lie group E 8 (C), which is the automorphism group of V E 8 . It may be difficult to generalize to other cases.
In this article, we shall study a VOA V isomorphic to the lattice VOA V L associated to an even lattice L of rank n having a 4-frame F , and its Z 2 -orbifoldṼ L when L is unimodular. Since F * /F ∼ = Z n 4 , L/F is isomorphic to a self-orthogonal Z 4 -code C. Our approach mainly stresses on the relationship between the self-orthogonal Z 4 -code C and the structure codes of the corresponding framed VOA. More precisely, we shall determine the frame stabilizer of V in terms of the automorphism group of the structure code C and the automorphism group of the Z 4 -code C. Let T 2n be the Virasoro frame of V associated to F . We first study a certain subcode of C, which is isomorphic to d(Z The inner product in R n .
2 n An elementary abelian 2-group of order 2 n .
2 n 1 +n 2 +···+n k A group extension 2
A 4 (C) The lattice obtained by Construction A from a Z 4 -code C.
Aut(C)
The subgroup of Sym n induced from Aut(C) for a Z 4 -code C.
A.B
A group extension with normal subgroup A and quotient B.
E(m)
The set of all weight m codewords in a binary code E. C A Z 4 -code of length n. C 0 C 0 = {(α 1 , . . . , α n ) ∈ {0, 1} n | (2α 1 , . . . , 2α n ) ∈ C}.
C 1 C 1 = {(α 1 , . . . , α n ) mod 2| (α 1 , . . . , α n ) ∈ C}. C The binary code of length r defined by the T r -module structure of V 0 .
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D
The binary code of length r consisting of β ∈ Z r 2 with V β = 0. 
The root lattice of type E 8 .
E n
The binary code of length n consisting of all even weight codewords.
A subVOA of a VOA with rank r/2 isomorphic to the tensor product of r-copies of L( 1 / 2 , 0), or a set of r mutually orthogonal Ising vectors. Stab Aut(V ) (T r ) The subgroup of Aut(V ) which fixes the Virasoro frame T r setwise. Stab 
The subVOA of V L consisting of vectors fixed by the lift of −1 ∈ Aut(L).
V E
The code VOA associated to a binary code E.
The set of integers modulo k. Z n 2
An n-dimensional vector space over Z 2 , or the power set of Ω n .
Framed vertex operator algebra
In this section, we review some basic facts about framed VOAs from [DGH98, Mi04] . Every vertex operator algebra is defined over the complex number field C unless otherwise stated. For the detail of VOAs, see [Bo86, FLM88, FHL93] . Remark 2.2. It is well-known that L( 1 / 2 , 0) is rational, C 2 -cofinite and has three irre- Given a framed VOA V with a frame T r , one can associate two binary codes C and D of length r to V and T r as follows: Since T r = L( 1 / 2 , 0) ⊗r is rational, V is a completely reducible T r -module. That is,
where
and the nonnegative integer m h 1 ,...,hr is the multiplicity of L(h 1 , . . . , h r ) in V . In particular, all the multiplicities are finite and m h 1 ,...,hr is at most 1 if all
. . , h r ) be an irreducible module for T r . The τ -word τ (U) of U is a binary word β = (β 1 , . . . , β r ) ∈ Z r 2 such that (2.2)
For any β ∈ Z r 2 , define V β as the sum of all irreducible submodules U of V such that
Then D is an even linear code of length r and V = ⊕ β∈D V β .
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For any c = (
and h i = 0 elsewhere. Set
Summarizing, there exists a pair (C, D) of even linear codes such that V is a D-graded extension of a code VOA V C associated to C. The pair of codes (C, D) is called the structure codes of a framed VOA V associated to the frame T r . Since the powers of z 
Frame stabilizers
In this section, we shall recall the definitions of frame stabilizers and pointwise frame stabilizers of a framed VOA. Some basic properties will also be reviewed from [DGH98, LY08] .
Definition 3.1. Let V be a framed VOA with an Virasoro frame T r = Vir(e 1 ) ⊗ · · · ⊗ Vir(e r ).
The frame stabilizer of T r is the subgroup of Aut(V ) which stabilizes the frame T r setwise.
The pointwise frame stabilizer is the subgroup of Aut(V ) which fixes T r pointwise. The frame stabilizer and the pointwise frame stabilizer of T r are denoted by Stab Aut(V ) (T r ) and Stab pt Aut(V ) (T r ), respectively.
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Let (C, D) be the structure codes of V with respect to T r , i.e.,
If D = 0, i.e., V = V C , then the frame stabilizer can be determined easily.
Lemma 3.2. Let C be an even linear code and Q = {σ γ | γ ∈ Z r 2 } ⊂ Aut(V C ). Then we have an exact sequence
. Then g gives a permutationḡ on the set of Ising vectors {e 1 , e 2 , . . . , e r }. It is easy to see that for any c ∈ C, g(M c ) = Mḡ (c) . Henceḡ ∈ Aut(C).
By [Mi96a, Lemma 3.4], the map¯is surjective. Ifḡ = 1 then g is trivial on T r . Hence the kernel of¯is equal to the pointwise stabilizer Stab pt Aut(V C ) (T r ) of T r , and which is equal to Q (see [LY08, Section 6]).
Next, let us review the properties of the pointwise frame stabilizers for framed VOAs from [LY08, Section 6].
That is, the product α · β is taken in the ring Z 
otherwise, θ has order 4.
It is clear that P is a linear subcode of C. Moreover, we have the following. 
The commutator relation in Stab pt Aut(V ) (T r ) can be described as follows.
The full frame stabilizer is much more complicated. Nevertheless, we still have the following. 
Z 4 -codes, lattices and framed VOAs
In this section, we review Z 4 -codes and lattices obtained by Construction A from Z 4 -codes from [CS99] . Moreover, we review the structure codes of framed VOAs associated to even lattices having 4-frames from [DGH98] .
Z 4 -code C is said to be Type II if the Euclidean weight of any element in C is divisible by 8. A Type II Z 4 -code C is said to be extremal if the minimum weight of C is equal to 8(⌊n/24⌋ + 1). The automorphism group of C is the subgroup of Aut(Z n 4 ) ∼ = R : Sym n preserving C, where R consists of sign change maps on coordinates. Hence we obtain the following exact sequence
where Aut(C) ∼ = Aut(C)/(R ∩ Aut(C)) is a subgroup of Sym n . Now let us study the structure codes for the lattice VOA V L associated to L having 4-frame.
Definition 4.1. Let L be an even lattice of rank n. A subset {α 1 , . . . , α n } is called a 4-frame of L if (α i , α j ) = 4δ i,j for all i, j. By abuse of notation, we sometimes call the sublattice ⊕ n i=1 Zα i a 4-frame, also.
Let L be an even lattice of rank n and V L the VOA associated to L ( [Bo86, FLM88] ). Let α ∈ L with (α, α) = 4. It is well-known (cf. [DMZ94] ) that
are two mutually orthogonal Ising vectors in V L . If L contains a 4-frame F = {α 1 , . . . , α n }, then the lattice VOA V L is a framed VOA with a Virasoro frame
We call it the Virasoro frame associated to F .
Notation 4.2. For any positive integer k, denote the natural epimorphism from Z to Z k by ϕ k . We shall also extend ϕ k to a homomorphism from Z n to Z n k by ϕ k (a 1 , . . . , a n ) = (ϕ k a 1 , . . . , ϕ k a n ).
By abuse of notation, we also use ϕ k to denote the natural projection from Z n ℓ to Z n k when k divides ℓ.
Let {α 1 , . . . , α n } be a 4-frame of a lattice L and
The following lemma is well-known. Remark 4.4. Note that A 4 (0) ∼ = Zα 1 ⊕ · · · ⊕ Zα n , (α i , α j ) = 4δ ij and it gives a 4-frame of A 4 (C). Hence {ω
We shall call it the Virasoro frame associated to C.
Let C be a Z 4 -code of length n. We shall define two binary codes
Note that if we define a linear map t : C → C by t(α) = 2α, then C 1 ∼ = C/ ker t and ker t ∼ = C 0 as abelian groups. Thus, as an abelian group, C is an extension of C 1 by C 0 and we have the exact sequence
Note also that C 1 ⊂ C 0 and if
4 as an abelian group.
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If C is self-orthogonal then both C 0 and C 1 are even binary codes of length n, and
, and if the Euclidean weight of any element in C is divisible by 8 then C 1 is doubly even. By the definitions of C 0 and C 1 , the group Aut(C) preserves both Aut(C 0 ) and Aut(C 1 ), that is, Aut(C) ⊂ Aut(C 0 ) ∩ Aut(C 1 ).
Remark 4.5. The binary codes C 0 and C 1 may also be thought of as Z 4 -code analogues of the structure codes C and D. In fact, if L is an even lattice with a 4-frame F and L/F ∼ = C as a Z 4 -code, then the structures (C, D) for the lattice VOA V L (and for its Z 2 -orbifoldṼ L ) with respect to the Virasoro frame associated to C are closely related to C 0 and C 1 (see Proposition 4.7 and 4.9). 
The structure codes of V A 4 (C) with respect to the Virasoro frame associated to C is described in [DGH98] as follows.
Proposition 4.7. [DGH98, Corollary 3.3] Let C be a Z 4 -code of length n such that A 4 (C) is even, and C 0 and C 1 the binary codes defined as above. Then the structure codes of the lattice VOA V A 4 (C) with respect to the Virasoro frame associated to C are given by
Now let L be an even unimodular lattice having a 4-frame
It is known thatṼ L has a unique VOA structure by extending its V + L -module structure (see [FLM88] 
and [LY08, Proposition 8]). The construction of VOAṼ
5. Frame stabilizer of the frame of V L associated to a 4-frame of L Let L be an even lattice of rank n having 4-frame F . Let T 2n be the Virasoro frame of V L associated to F . In this section, we study the subgroup
of Aut(C). For the detail of the structure codes (C, D) of V L associated to T 2n , see Proposition 4.7.
5.1. Method of calculating the frame stabilizer. In this subsection, we discuss the subgroup K of Aut(C). First, we recall triality automorphisms of V A 1 ⊕A 1 from [FLM88] .
T 4 = {e 1 , e 2 , e 3 , e 4 }, and the structure codes of V L associated to T 4 are (E 4 , 0). By Lemma 3.6, there is a canonical group homomorphism ψ : Stab N (V L ) (T 4 ) → Aut(E 4 ) ∼ = Sym 4 . We now identify e i with i. Then exp( (1 2) and (3 4) on T 4 . Hence Im ψ contains (1 2), (3 4) .
By [FLM88, Corollary 11.2.4], there is an automorphism
Then one can see that σ(e 1 ) = e 1 , σ(e 2 ) = e 3 , σ(e 3 ) = e 2 , σ(e 4 ) = e 4 .
Hence Im ψ contains (2 3). Thus Im ψ ∼ = Sym 4 .
Thus we obtain a subgroup A.Aut(C) of S.
Since the structure codes of V F associated to T 2n are (d(Z n 2 ), 0), g stabilizes V F . Since F has no roots, we have
.A, and S is a subgroup of A.Aut(C) ∼ = 2 ≀ Aut(C). Therefore S ∼ = 2 ≀ Aut(C). ). Then there exist exactly two codewords c 1 = {i, k}, c 2 = {j, l} ∈ d(Z n 2 ) such that |c ∩ c 1 | = |c ∩ c 2 | = 1 and k = l. We view Z = Span Z 2 {c 1 , c 2 , c} as a binary code of length 4 on {i, j, k, l}. Then Z ∼ = E 4 , and we can find α 1 , α 2 ∈ L of norm 2 such that V Z = V Zα 1 ⊕Zα 2 ∼ = V A 1 ⊕A 1 and α 1 ± α 2 ∈ F . By Lemma 5.1, the canonical group homomorphism Stab N (V Z ) ({e i , e j , e l , e k }) → Sym({i, j, k, l}) is surjective. Note that Stab N (V Z ) ({e i , e j , e l , e k }) lifts to a subgroup of N(V L ) preserving T 2n . Hence there exists an automorphism of V acting as (i j) on T 2n .
For an element h = {i, j} ∈ C(2), let ξ(h) denote the element of K acting as (i j) ∈ Sym(T 2n ) ∼ = Sym 2n .
Lemma 5.5. Let H and H ′ be subcodes of
On the other hand,
as g ∈ Aut(C). By reverse induction on |H(2) ∩ H ′ (2)|, we are done.
Let H denote the set of all subcodes of C isomorphic to d(Z n 2 ). By Lemmas 5.2, 5.5 and Proposition 5.4, we obtain the following theorem.
Theorem 5.6. Let L be an even lattice of rank n having 4-frame F . Let T 2n be the Virasoro frame of V L associated to F and (C, D) the structure codes associated to
is transitive on H, and it is generated by the subgroup of shape 2 ≀ Aut(C) and {ξ(h) | h ∈ C(2)}. Moreover, |K : 2 ≀ Aut(C)| = |H|. Now, we consider the action of Aut(C) on H.
Proof. By Theorem 5.6, Aut(C) acts transitively on H. Thus
Since C = Span Z 2 {d(Z n 2 ), e(C 0 )}, it is easy to see that Stab Aut(C) (d(Z n 2 )) is isomorphic to 2 ≀ Aut(C 0 ) and we have the desired conclusion.
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As a corollary, we have the following.
Remark 5.9. Let g ∈ Aut(C)
1111 1111 2200 0000 0220 0000 0022 0000 0002 2000 0000 2200 0000 0220
3111 3111 1111 2000 2200 0000 0220 0000 0000 2200 0000 0220 Let C be a type II code of length 8 over Z 4 . Then
Let us determine the frame stabilizer in Aut(V E 8 ) of the Virasoro frame T 16 associated to C for each case. 
Then Aut(C) ∼ = Aut(D) = Sym 16 and the code P = {α ∈ C| α·β ∈ C for all β ∈ D} = C. Note that dim P = 15 and by Theorem 3.4, we have Stab
Since Aut(C) ∼ = 2 7 : Sym 8 , we have Aut(C) = Sym 8 . Hence Aut(C) ∼ = Aut(C 0 ). By and Aut(C 0 ) ∼ = Sym 4 ≀ 2. Then the structure codes for V A 4 (C) ∼ = V E 8 are given by
Then Aut(C) ∼ = Aut(D) = Sym 8 ≀ 2 and the code P = {α ∈ C| α · β ∈ C for all β ∈ D} = C. By Theorem 3.4, Stab
Since 
It is easy to see that Aut(C) ∼ = Aut(H 8 ) ∼ = AGL(3, 2). In this case, P = {α ∈ C| α · β ∈ C for all β ∈ D} = Span Z 2 {d(Z 8 2 ), e(1 8 )}, which has dimension 9 and Aut(C) ∼ = AGL(3, 2). Since the minimum weight of H 8 is 4, it is clear that |H| = 1. By Theorem 5.6 Stab Aut(V E 8 ) has the shape 2 4+5 .(2 ≀ AGL(3, 2))
Remark 5.10. The frame stabilizers for all Virasoro frames of the VOA V E 8 were computed in [GH03] using a different method.
6. Frame stabilizer of the frame ofṼ L associated to a 4-frame Let L be an even unimodular lattice of rank n having 4-frame
be the VOA obtained by a Z 2 -orbifold construction from V L . ThenṼ L has the Virasoro frame T 2n associated to F . In this section, we study the subgroup
(T 2n ) of Aut(C) when the minimum weight of C 0 is greater than or equal to 4, where C = L/F is a Z 4 -code. Note that the structure codes (C, D) of V L associated to T 2n were described in Proposition 4.9. Proof. Let S be the stabilizer of d(E n ) in K.
For k = 1, . . . , n, define t k = exp(
Let g ∈ Aut(C). Then by (4.2) g induces an automorphism of Aut(L) preserving F . Then it lifts to an automorphismg of Aut(Ṽ L ) preserving T 2n (cf. [FLM88, Corollary 10.4.8]). Since R ∩ Aut(C) is trivial on T 2n ,g acts on T 2n as g · (R ∩ Aut(C)) ∈ Aut(C) = Aut(C)/(R ∩ Aut(C)) on {{ω ± (α i )} | i ∈ Ω n }. Thus we obtain a subgroup A.Aut(C) of
Then it preserves the subVOA V d(En) which is the code VOA associated to d(E n ). It is easy to see that V d(En) = V 
Proof. By the assumption, any weight 4 codeword in C belongs to d(E n ). Clearly, d(E n ) is generated by weight 4 codewords. Hence any automorphism of C preserves d(E n ), and so does K. This corollary then follows from Proposition 6.1. 6.2. Pseudo Golay codes and the moonshine VOA. In this subsection, we shall study certain Virasoro frames of the moonshine VOA V ♮ arisen from pseudo Golay codes.
The corresponding frame stabilizers will also be computed. Let C be an extremal Type II Z 4 -code of length 24 such that ϕ 2 (C) ∼ = G 24 . Then the minimum Euclidean weight of C is 16, and
is isomorphic to the Leech lattice Λ. By Proposition 4.9, the structure codes forṼ
In this case, P = {α ∈ C| α · β ∈ C for all β ∈ D} is equal to D and has dimension 13. Thus Stab pt AutV ♮ (T 48 ) = 2 13 . Since the minimum weight of C 0 ∼ = G 24 is 8, we obtain the following by Corollary 6.2.
Theorem 6.3. Let C be an extremal Type II Z 4 -code of length 24 such that ϕ 2 (C) ∼ = G 24 and let T 48 be the Virasoro frame of
Remark 6.4. In Rains [Ra99] , 13 non-isomorphic extremal Type II Z 4 -codes satisfying ϕ 2 (C) ∼ = G 24 were given as pseudo Golay codes. It was checked by Masaaki Harada and Akihiro Munemasa [HM] that any extremal Type II Z 4 -codes satisfying ϕ 2 (C) ∼ = G 24 is a pseudo Golay code.
Next, we shall study few examples from [Ra99, Fig. 2] . 
In this case, |Aut(C)| = 12144, Aut(C) ∼ = SL 2 (23) and Aut(C) ∼ = PSL 2 (23 .PSL 2 (23).
Example 2. C is generated by 
Then |Aut(C)| = 6, Aut(C) ∼ = Z 2 × Z 3 and Aut(C) ∼ = Z 3 . Thus, Stab Aut(V ♮ ) (T 48 ) has the shape 2 13 .(2 12 .3). By the same argument in the previous example, the shape of
Remark 6.5. By the examples above, we note that Stab Aut(V ) (T 48 )/Stab pt Aut(V ) (T 48 ) may be strictly smaller than Aut(C) in general. In fact,
6.3. Minimum weight of C 0 is 4. Next we shall consider the case where the minimum weight of C 0 is 4. Note that the case where the minimum weight of C 0 is greater than 4 was done in Corollary 6.2. Remark that n ∈ 8Z since A 4 (C) is even unimodular.
First, we recall the following easy lemmas.
Lemma 6.6. Let W be a binary code of length 2n isomorphic to d(E n ). Then the following hold.
(1) W is generated by W (4).
(2) |w 1 ∩ w 2 | ∈ 2Z for all w 1 , w 2 ∈ W .
(6) If n > 2 then for any w ∈ W (4) there exist unique w 1 , w 2 ∈ W ⊥ (2) such that
Lemma 6.7. Assume that the minimum weight of C 0 is 4. Then the following hold.
(
Proof. The lemma can be deduced easily from the fact that C = Span Z 2 {d(E n ), e(C 0 )} (Proposition 4.9).
Lemma 6.8. Let s 1 , s 2 , . . . , s n/2−1 be weight 4 elements in Z n 2 such that |s i ∩ s j | = 2δ |i−j|,1 if i = j. Let t 1 , t 2 , . . . , t n/2 be weight 2 elements in Z n 2 such that
Proof. Set r 2i−1 = d(t i ), r 2j = e(s j ) + d(t j+1 ) for 1 ≤ i ≤ n/2, 1 ≤ j ≤ n/2 − 1. Then the weight of r i is 4, and
In order to determine E, we need some lemmas.
Lemma 6.9. There exist y 1 , y 2 , . . . , y n/2−1 ∈ Y (4) and u 1 , u 2 , . . . , u n/2−1 ∈ E(4) such that
Proof. By Lemma 6.6 (1) and the assumption E = d(E n ), there is u 1 ∈ E(4) \ d(E n ). By Lemma 6.7 (1), u 1 = e(y 1 ) + d(z 1 ) for some y 1 ∈ Y (4) and z 1 ∈ E n satisfying z 1 ⊂ y 1 . By Lemma 6.6 (3), |{u ∈ E(4) | |u ∩ u 1 | = 2}| = 2n − 4. By Lemma 6.7 (2),
If n = 8 and if the both equalities hold then E contains a subcode isomorphic to the extended Hamming code of length 8, which contradicts E ∼ = d(E 8 ). If n > 8, then 2n − 4 > 6 + 6 = 12. Hence there exists u 2 ∈ E(4) such that |u 1 ∩ u 2 | = 2 and u 2 = e(y 2 ) + d(z 2 ) for some y 2 ∈ Y (4) satisfying y 2 = y 1 . Then by Lemma 6.7 (3),
By Lemma 6.6 (4), |{u ∈ E(4) | |u ∩ u j | = 2δ j,k }| = n − k − 1. By |u i ∩ u j | = 2δ |i−j|,1 and Lemma 6.7 (2),
and we obtain
It follows from k ≤ n/2 − 2 that n − k − 1 ≥ k + 3 > k + 1. Hence, there exists u k+1 ∈ E(4) \ I such that |u k+1 ∩ u j | = 2δ j,k . By Lemma 6.7 (1), there exists y k+1 ∈ Y (4) such that u k+1 = e(y k+1 ) + d(z k+1 ) for some z k+1 ∈ E n and z k+1 ⊂ y k+1 . Since u k+1 / ∈ I,
we have y k+1 = y k . Hence |y k+1 ∩ y k | = 2 by Lemma 6.7 (3). Let q ∈ Z such that 1 ≤ q ≤ k − 1. Clearly |y k+1 ∩ y q | = 3, 4. If |y k+1 ∩ y q | = 1 then the weight of k+1 i=q y i is 2, which contradicts that the minimum weight of C 0 is 4. Since y k+1 / ∈ I, we have |y k+1 ∩ y q | = 2. Hence |y k+1 ∩ y q | = 0, and we obtain desired elements y k+1 ∈ Y (4) and u k+1 ∈ E(4). Thus by induction, we obtain this lemma.
Let x 1 , x 2 , . . . , x n/2 ∈ E n (2) such that
. . , y n/2−1 } and U = Span Z 2 {u 1 , u 2 , . . . , u n/2−1 }.
Lemma 6.10. Let u = e(y) + d(z) ∈ E(4). Then y ∈Ỹ (4).
Proof. Let y ′ ∈Ỹ (4). Then there exists u ′ = e(y ′ ) + d(z ′ ) ∈ E(4). Since the minimum weight of C 0 is 4, |y ∩ y ′ | ∈ {0, 1, 2, 4}.
First, we will show that |y ∩ y ′ | ∈ 2Z. Suppose that |y ∩ y ′ | = 1. Then |y ∩ x| ∈ {0, 1}
for all x ∈ X(2) since the minimum weight of C 0 is 4. Let {x 1 , x 2 , x 3 , x 4 } ⊂ X(2) such that |y ∩ x i | = 1. Now, we view Span Z 2 {x i + x j , y | 1 ≤ i, j ≤ 4} as a code of length 8.
Then it is isomorphic to the extended Hamming code of length 8. Up to coordinates, we may assume that
x 2 = (00110000),
If n = 8 then y ′ ∈ Span Z 2 {x i +x j | 1 ≤ i, j ≤ 4}, and hence |y ∩y ′ | ∈ 2Z, which contradicts
We may also view u i , i = 1, 2, 3, as codewords of length 16.
Then, up to coordinates, we may assume that
If |u ∩ u i | = 2 then there exists w ∈ U such that |u ∩ w| = 1 since n > 8. This contradicts Lemma 6.6 (2). Hence |u ∩ u i | = 0. Since u / ∈ Span Z 2 {u 1 , u 2 , u 3 }, up to coordinates, we may assume that u = (0010001000100010).
By Lemma 6.6 (6), E ⊥ contains
Moreover, E ⊥ contains s 5 = (0010001000000000), (0010000000100000), or (0010000000000010).
If s 5 = (0010001000000000) ∈ E ⊥ then by Lemma 6.6 (7),
which contradicts the minimum weight of C 0 is 4. We may obtain contradictions by similar arguments for s 5 = (0010000000100000) and (0010000000000010). Thus |y ∩ y ′ | = 1.
Therefore, we have |y ∩ y ′ | ∈ 2Z, and y ∈Ỹ ⊥ (2). If n > 8 then by Lemma 6.6 (5), we obtain y ∈Ỹ (4). If n = 8 and y / ∈Ỹ then Span Z 2 {Ỹ , y} is isomorphic to the extended Hamming code of length 8. By the arguments above, up to coordinates, E contains u 1 = (0101010100000000), u 2 = (0000010101010000),
However, these generate the extended Hamming code of length 8, which contradicts E ∼ = d(E n ). Therefore y ∈Ỹ (4).
Let y i ∈ Y (4) and u i ∈ E(4) be codewords given in Lemma 6.9. Let x 1 , x 2 , . . . , x n/2 ∈ E n (2) such that
Then one of the following holds:
Proof. SetỸ = Span Z 2 {y 1 , y 2 , . . . , y n/2−1 }. Let u = e(y) + d(z) ∈ E(4), where y ∈ Y (4) and z ∈ d(E n ). Then by Lemma 6.10, y ∈Ỹ (4). Set U = Span Z 2 {u 1 , u 2 , . . . , u n/2−1 } and X = Span Z 2 {x 1 , x 2 , . . . ,
. Thus by Lemma 6.7 (1), we obtain
It is easy to see that |E(4)| = n × (n − 1)/2 and the cardinality of the right hand in (6.1) is equal to n/2 + (n/2)(n/2 − 1)/2 × 4 = n × (n − 1)/2. Hence the equality holds in (6.1) and Y =Ỹ . Moreover
Then e(y i ), u i+1 = 1, which contradicts Lemma 6.6 (2). Hence u i+1 ∈ e(y i+1 ) + Span Z 2 {d(x i+1 ), d(x i+2 )}, and e(y i+1 ) ∈ E.
By the similar arguments, if
Lemma 6.12. Let L be an even unimodular lattice of rank n having 4-frame F . Let C = L/F be a type II Z 4 -code. Assume that C 0 contains a subcode Y isomorphic to d(E n/2 ) and that the minimum weight of C 0 is 4. Then there exists
Proof. There exist x 1 , x 2 , . . . , x n/2 ∈ E n (2) such that x i + x j ∈ Y (4). By the definition of C,
Proposition 6.15. Let L be an even unimodular lattice of rank n and let C = L/F be a type II Z 4 -code of length n. Assume that the minimum weight of C 0 is 4 and that C 0 contains a subcode Y isomorphic to d(E n/2 ). Let {y 1 , y 2 , . . . , y n/2−1 } be a basis of Y of weight 4 such that |y i ∩ y j | = 2δ |i−j|,1 if i = j. Let x 1 , x 2 , . . . , x n/2 be codewords in E n of weight 2 such that
Proof. Let F = {f 2i−1 ± f 2i | 1 ≤ i ≤ n/2} be the 4-frame of L obtained in the proof of Lemma 6.12. By Lemma 6.12 and Proposition 6.14, there exists a triality automorphism σ in Stab Aut(Ṽ L ) (T 2n ) satisfying (6.2).
Let w 1 , w 2 , . . . , w n/2−1 ∈ E n (2) such that
as binary codes of length 4. Then V
(see the proof of Lemma 6.8).
Lemma 6.16. Assume that
.11 for the definition of w i ).
Proof. By Lemma 6.12, we obtain the orthogonal basis {f i } of norm 2 of R n such that
Let H be the set of all subcodes of C isomorphic to d(E n ). By Propositions 6.11 and 6.15 and Lemma 6.16, we obtain the following theorem.
Theorem 6.17. Let L be an even unimodular lattice of rank n having 4-frame F . Set C = L/F . Assume that the minimum weight of C 0 is 4. Let T 2n be the Virasoro frame
(T 2n ) is transitive on H, and it is generated by the subgroup of shape 2 dim C ⊥ 0 .Aut(C) and the triality automorphisms in Proposition 6.14.
Next let us consider the stabilizer of d(E n ) in Aut(C). : Aut(C 0 ) is a subgroup of Aut(d(E n )). Let g ∈ Aut(d(E n )). Then g ∈ Aut(d(E n ) ⊥ ). It is easy to see that d(E n ) ⊥ = Span Z 2 {d(Z n ), e(1 n )} and that
d(E n ) ⊥ (2) = {d(x) | x ∈ Z n 2 (1)} since n > 2. Hence g ∈ 2 ≀ Sym n , and g ∈ 2 ≀ Aut(C 0 ). It is easy to see that the subgroup of 2 n preserving C is isomorphic to 2 dim C ⊥ 0 .
As a corollary, we have the following proposition. Remark 6.20. Let g ∈ Aut(C). Then there exists h ∈ K such that hg fixes d(E n ) by Theorem 6.17. Hence g ∈ K if and only if hg belongs to the stabilizer of d(E n ) in K determined in Proposition 6.1. 6.4. Z 2 -orbifold construction of V E 8 . In this section, we consider the Z 2 -orbifold construction of V E 8 .
Let C be the Type II Z 4 -code of length 8 generated by The code P = {α ∈ C| α · β ∈ C for all β ∈ D} is equal to D and has dimension 5. It is also well known that and Stab Aut(Ṽ E 8 ) (T 16 ) has the shape 2 5 . (AGL(4, 2) ).
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Remark 6.21. The example above was also computed in [GH03] .
Remark 6.22. Since the binary codes C 0 for the first three Type II Z 4 -codes C in Example 5.2 contain weight 2 codewords, we can not apply Corollary 6.19 to the Virasoro frames ofṼ E 8 associated to C. However, the structure code C contains a subcode isomorphic to d(Z 8 2 ), and hence the Virasoro frame ofṼ E 8 associated to C is conjugate to one of the frames of V E 8 associated to 4-frames of the lattice E 8 (cf. 2222 0000 0000 0000 0000 0000 2200 2200 0000 0000 0000 0000 2020 2020 0000 0000 0000 0000 0000 0000 2222 0000 0000 0000 0000 0000 2200 2200 0000 0000 0000 0000 2020 2020 0000 0000 2200 0000 2200 0000 0000 0000 
